Abstract-A focal plane array feed of electrically small elements has been proposed as a means for achieving high sensitivity for radio astronomy applications in the presence of radio frequency interference (RFI). For a broadband system, mutual coupling effects become significant as the array element spacing becomes small relative to the electromagnetic wavelength. We present a theoretical framework for modeling the effects of mutual coupling and for determining the optimal multiport matching network between array elements and front-end transistor low-noise amplifiers for maximum signal-to-noise ratio (SNR). Numerical results are given for a model scenario including spillover and amplifier thermal noise and point signal and interference sources. A suboptimal self-impedance matching network yields performance close to that of a full network match.
I. INTRODUCTION

I
NTERFERING signals radiated by ground-based, aircraft, and satellite-borne radio transmitters pose a threat to sensitive radio astronomical observations. Methods for mitigating radio frequency interference (RFI) include time and frequency blanking, adaptive cancellation and subtraction [1] - [3] , and spatial filtering [4] - [8] . One approach to implementation of spatial filtering techniques is to replace large reflector antennas with arrays of many small elements [9] . Spatial filtering techniques have been explored in conjunction with arrays of medium size elements, including the Allen telescope array (ATA) [10] and the square kilometer array (SKA) [11] .
Spatial filtering methods can also be implemented with a focal plane array feed in conjunction with a large reflector [12] . In communications and radar applications, array feeds have been used for many years to achieve shaped pattern footprints, electronically scanned beams, and compensation for reflector surface abberations [13] - [16] . Focal plane arrays for radio astronomy observations have advantages over aperture plane arrays in simpler signal processing and field of view [17] . Because of stringent sensitivity requirements, most practical array feeds for radio astronomy have employed electrically large, waveguide type feeds with each element individually matched to the reflector aperture and minimal or no signal combining between elements [18] , [19] . Arrays of more closely spaced, electrically small elements require complex signal processing but offer greater control over the far field beam pattern [20] , [21] . Beams can either be formed electronically or synthesized from correlations [22] . Prototype arrays of this type for radio astronomy applications have been constructed and tested [23] - [26] . For a broadband array, mutual coupling becomes important at low frequencies due to reduced electrical element spacing. The impact of antenna coupling on focal plane array performance is well known in the radio astronomy community [18] . In a classic paper, Stein [27] analyzed mutual coupling in terms of element pattern overlap integrals and derived a bound on aperture efficiency. It is important to note that the Stein efficiency bound is based entirely on conservation of energy, so that if a mutually coupled array is matched for maximum power transfer to a load, the effective element patterns are orthogonal and the Stein efficiency becomes 100%. Further progress in understanding mutual coupling has required consideration of the details of the elements and near field interactions. Coupling models are available for waveguide feed elements [28] , Vivaldi antennas [29] , and dielectric rod antennas [30] . For the case of an interferometric radiometer with small element spacings, a network theory analysis has been performed [31] to include the effects of coupling and amplifier noise. A similar framework has been developed for analyzing the impact of mutual coupling on the performance of multiantenna communications systems [32] .
The aim of this paper is to develop a framework for treating mutual coupling effects for focal plane array feeds in the microwave range. This approach builds on the network analyzes of [31] , [33] by including an impedance matching network between the coupled array and amplifiers. The framework is applied to a model problem consisting of a seven element dipole array and a 25-m paraboloidal reflector. Particular attention is paid to the beamformer output signal-to-noise ratio (SNR), which is proportional to the system (gain divided by system temperature). The simulations compare the performance for optimal and suboptimal matching networks over a broad operating bandwidth, with and without an interfering signal.
II. ARRAY FEED AND RECEIVER MODEL
The problem of interest in this analysis involves an array-fed reflector antenna operating as a receiver. A single plane wave representing the desired signal as well as plane waves created by interferers excite the system. Furthermore, spillover noise received by the antenna system (which is dependent on the feed spillover efficiency) as well as thermal noise generated in the front-end low-noise amplifiers (LNAs) corrupt the signal. For 0018-926X/$20.00 © 2005 IEEE very low SNR applications such as radio astronomy, a signal is typically detected as a small perturbation relative to a temporally or spectrally averaged thermal noise power baseline. For this reason, the key system performance metric might be termed the signal to noise fluctuation ratio (1) where the powers are measured at the output port of a signalcombining network (beamformer). Assuming that the system gain is stable, the standard deviation of the thermal noise is (2) where is on the order of unity and depends on the details of the detector, is the noise bandwidth, and is the integration time.
Interfering signals are likely to be temporally and spectrally nonstationary and therefore cannot be subtracted using a baseline approach. In the presence of RFI, the least optimistic performance metric is the signal to interference plus noise fluctuation ratio (3) Because the noise standard deviation decreases with integration time, interference is less tolerable for long integration times. In this paper, for simplicity we choose a short integration window, such that , in which case SNFR and SINFR reduce to signal to noise ratio (SNR) and signal to interference plus noise ratio (SINR). The SNR is proportional to the system sensitivity , and the SINR is an effective system sensitivity if the interferer power is included in . The goal of this section is to characterize the signal, interferer, and noise contributions at the LNA outputs.
A. Array Open-Circuit Response
The first phase of the analysis is to determine the vectors of signal and interferer voltages and spillover noise covariance matrices at the antenna terminals. We will conduct our network analysis assuming that these quantities represent the antenna terminal voltages with all elements terminated in an open circuit. Because adjacent antennas that are open circuited have little impact on the radiation pattern of a driven antenna when the element spacing is reasonable, we will approximate the electric field radiation pattern for the th array element in the absence of the reflector, denoted here as , by the isolated element pattern. The open circuit array element pattern overlap matrix is then given as (4) where is the characteristic impedance of free space, is the total power radiated by the th element, and is the (arbitrary) distance at which the radiated fields are computed. The normalization is such that the diagonal elements of are unity. If the feed elements are identical, then under our assumption that the isolated element patterns closely approximate the embedded element patterns, for all . In order to minimize spillover noise and direct-path interference reception at the feed, restricting the array pattern in some way is desirable. One simple approach would be to back the array with a ground plane, although this would likely reduce the useful system bandwidth. We assume here that the element patterns are hemispherical but otherwise neglect effects of a backing ground plane. More detailed design aspects of the feed can easily be added to the framework presented in this paper in future studies.
Spillover noise is assumed to arrive at the feed at a solid angle extending from the reflector rim to horizontal, with the reflector pointed to zenith. The ground temperature is set at a nominal value for the outdoor temperature (250 K). Atmospheric and cosmic background radiation are neglected. The pattern overlap matrix for spillover noise is defined to be (5) where the elevation angle of the integration extends from the reflector rim to a plane perpendicular to the axis of the reflector. The covariance of the noise voltage at conjugate-matched array element feed ports can be shown to be [12] (6) in units of Kelvin. The corresponding open-circuit covariance is (7) where is the radiation resistance of one array element. In this expression, we have used the real part of the self-impedance of each element as the radiation resistance.
The vector of open circuit signal voltages at the array element feed ports is (8) where is the driving current used to excite the element as a transmitter to compute and is the operating wavenumber.
is a vector of phasor field strengths radiated in the direction of the signal source by the transmit array and is the polarization of the incident field. This expression assumes that is the signal flux density in both polarizations, but that only half the signal power is received by the single-polarized feed. The open-circuit interferer response is defined similarly.
B. Antenna Array and Matching Network
Careful characterization of the impact of mutual coupling and receiver noise on the multiantenna receiving system performance requires detailed modeling of the front-end impedance matching network, LNAs, and amplifier load terminations. Fig. 1 shows a block diagram of this system. For analysis purposes, we use scattering parameters (S-parameters) referenced to a real impedance to describe the network signals wherein Fig. 1 . Block diagram of the multiantenna receiver system including mutually coupled arrays, matching network, receiver amplifiers, and loads. After amplification, the voltages across the loads are either combined using a hardware beamformer or sampled and combined in digital signal processing.
the forward and reverse traveling waves are denoted as and , respectively. In the following formulation, the traveling waves generically represent any of the externally supplied responses (signal, interference, or spillover noise).
The traveling waves at the receiver input satisfy (9) where represents the S-parameter matrix for the coupled antenna array. We therefore first need to relate the voltage on the open-circuit antenna ports to the source voltage wave .
Since
for an open-circuit termination, (9) gives . We also recognize that , which upon substitution into our expression for yields (10) The matching network in Fig. 1 provides a proper impedance interface between the antenna and LNAs. The multiport nature of the receiver suggests representing the matching network using a block matrix S-parameter description, or (11) where 1 and 2 refer to input and output ports, respectively. Since and , we can use (9) to show that the signal at the matching network output is (12) (13) where represents the reflection coefficient at the matching network output (see Fig. 1 ).
C. Noisy Amplifier Output Signal
The bulk of the receiver thermal noise is created in the front-end LNAs. To maintain tractability in the analysis, we will consider amplifier topologies that can be described by input-output S-parameters and standard noise parameters. The th amplifier injects forward and reverse traveling noise waves and , respectively, at the amplifier input [34] . Using the notation of Fig. 1 coupled with the conventions in [34] , the amplifier signal plus noise output waves are of the form
where the S-parameters describe the amplifiers. Using these expressions with (10) and (12) If we assume that the noise in each amplifier is uncorrelated with that of all other amplifiers, then we can write (23) in units of K, where denotes an expectation and , and are amplifier effective noise temperatures [34] . The superscript denotes the conjugate transpose operation. The covariance of the thermal noise injected by the LNAs is, therefore (24) (25)
D. Matching Network Specification
The amplifier noise figures are minimized when there is a balance between signal power coupling from the array elements to the amplifiers and cancellation of the forward and reflected reverse amplifier noise waveforms. We conjecture that this is achieved when the array input reflection coefficient looking from the amplifier inputs into the matching network is , where is the input reflection coefficient that maximizes SNR for the single amplifier case. The value of is determined by the amplifier specifications. A general proof that this particular input reflection coefficient maximizes output SNR for the array case has not yet been obtained. But it is possible to demonstrate numerically that it is optimal for a given system. This can be done by using (19) - (22), (32) , and (37) to show that for a given steering angle, the maximum attainable SNR is (26) This expression implies that the SNR is a linear combination of the singular values of the matrix . For a given set of array and amplifier parameters, the singular values of were computed numerically for a set of matrices which spanned the space of realizable reflections for reciprocal matching networks without gain. The singular values were largest for , so the SNR for all possible steered beam directions must be smaller for any other choice of . This procedure was used for several different choices of array and amplifier specifications, and in all cases considered, was the optimal match. This provides strong empirical evidence that is the optimal match in general.
Therefore, we will specify and determine the matching network subblocks required to achieve this condition. To begin, we take the singular value decomposition (SVD) of each subblock to obtain . Assuming that the matching network is lossless and reciprocal , it can be shown that the subblocks can be written as (27) where is a diagonal matrix of the singular values of . With representing the SVD of , we use (13) and (27) to obtain (28) (29) We have flexibility in specifying the singular vectors and and therefore choose representations that lead to mathematical simplicity. First, we see that if , then by choosing we obtain (30) which is diagonal. If we further choose , we can solve (28) to obtain (31) Achieving diagonal in general requires a coupled matching network to "undo" the coupling created by the antenna. It is however common to assume that the coupled antenna can be represented using the diagonal elements of the full impedance matrix describing the array, leading to a diagonal with elements . This value of is then used in place of to specify the singular vectors and singular values as outlined above, leading to an uncoupled matching network. However, when analyzing the performance of such a match, the complete nondiagonal form of must be used in the analysis (16) . We refer to this suboptimal diagonal network as a self-impedance match.
E. Beamformers for Optimal SNR and SINR
After amplification by the front-end LNAs, the received signals are combined using the complex beamformer weights . The output SNR can be expressed as (32) where the total thermal noise covariance is and the signal covariance is (33) It is assumed that all covariances are normalized to power/Hz in units of Kelvin. The thermal noise and interferer covariance matrix is
For a single plane wave interferer signal, has the form of (33) but with the fields evaluated in the direction of the interferer. For multiple uncorrelated interferers, can be taken to be the sum of single plane wave correlations. The SINR is (35) The maximum-SNR beamformer is determined by the generalized eigenvalue problem (36) where is the generalized eigenvalue with largest magnitude. If the noise covariance matrix is nonsingular, the max-SNR weights reduce to (37) If an interfering signal is included in the model, then the noise covariance matrix in (36) and (37) is replaced with the signal and interferer covariance .
III. NUMERICAL RESULTS
A. Simulation Parameters
Feed array elements are located on a hexagonal grid in theplane (Fig. 2) . The physical spacing between elements is fixed at 0.6 wavelengths (11.2 cm) at the center frequency GHz. The array elements are -directed thin-wire dipoles and located such that one of the elements lies at relative to the center element. The dipole lengths are . Dipoles were chosen because closed form approximations are available for the mutual impedances [35] . The radiation patterns of the array elements were assumed to be hemispherical in computing received spillover noise. The reflector is a m diameter paraboloid with , where is the focal length of the reflector. Relative to the feed, the center of the reflector lies at . As described in the previous section, the radiation patterns of each array element with the others open-circuited are approximated by the isolated element pattern, which is available in closed form. For small element spacings, this approximation breaks down, potentially leading to such abberations as more available power at the element terminals than is incident on the reflector. In order to obtain the mutual impedances of the dipole elements, a sinusoidal approximation for the current on the antennas was used [35] . This model also becomes inaccurate for small element spacings, leading to eigenvalues of the impedance matrix with a negative real part, indicating a nonphysical gain for reverse-traveling waves reflected at the antenna ports. We expect perturbations due to these approximations to be neglible for spacings above, say, . To compute radiated fields for the array and reflector system, we employ the efficient PO-based line integral method of [36] . This approach requires that an approximation be made in the azimuthal dependence of the dipole radiation pattern. A scale factor is included so that the reflector is effectively illuminated by the correct total power. As this scaling only becomes significant for large electrical dipole lengths, the effect on numerical results over the useful bandwidth is small. Multiple scattering between the feed and the reflector is neglected. In order to overcome these simplifying approximations, a method of moments simulation could be employed to model the combined array and reflector system [37] .
The signal is a single plane wave arriving at 0 relative to the reflector axis. The flux density of the signal is W/m /Hz. The performance of an array feed with respect to off-axis beam steering angle has been considered in [12] . Since the feed elements are polarized and the signal is assumed unpolarized, half of the incident power is received. With this choice of signal intensity, SNR is equivalent to the system sensitivity if is expressed in units of K/Jy. The interferer is a point source at an angle of arrival of 30 relative to the reflector axis (boresight), and an azimuth angle of 0 relative to the coordinate system of the feed array. The interferer flux density is 100 dB greater than the signal flux density. At the center frequency, the interference to spillover noise ratio (INR) at the feed port of the center element is approximately 10 dB. As a function of frequency the INR fluctuates because the sidelobe pattern of the reflector changes.
As a model LNA, a transistor with S-parameters at the center frequency (1.6 GHz) is chosen. The minimum noise figure is dB for the optimal source termination of , and the noise resistance is . The ambient temperature is assumed to be that of liquid nitrogen (77 K), so that the equivalent noise temperature in terms of the forward traveling noise signal at the LNA input port is nominally 2.4 K. To avoid complicating biases in the results, the transistor parameters are taken to be constant as a function of frequency, which is not unreasonable since available transistors can have relatively stable parameters over a large bandwidth.
B. Matching Network Cases
We consider several types of matching networks, described here in order of decreasing optimality.
1) No Mutual Coupling, Infinite Bandwidth Optimal Match:
Without mutual coupling, the optimal matching network reduces to a diagonal network which couples one array element to only one amplifier. For this case, the matching network is optimized at each frequency point, corresponding to an ideal, unrealizable "infinite bandwidth" matching network, which provides a performance bound for any realized matching network.
2) Mutual Coupling, Infinite Bandwidth Optimal Match: If the effects of mutual coupling are included, the optimal array-toamplifier matching network becomes a nondiagonal, fully coupled multiport network. The network is optimized at each frequency.
3) Mutual Coupling, Infinite Bandwidth Self-Impedance Match: In order to reduce the complexity of the full multiport matching network, a suboptimal, diagonal network which couples one array element to one amplifier can be employed. As with the preceding cases, this simpler network is optimized at each frequency.
4) Mutual Coupling, Quarter-Wavelength Line and Reactance:
The array-to-amplifier matching networks assumed in the preceding cases are unrealizable, because they require a different physical matching network at each frequency in the operating bandwidth. These idealized matches are nevertheless of interest, because they provide upper bounds on performance and allow the effects of mutual coupling on the received signal power and spillover noise to be isolated from degradation of the noise performance of the amplifiers.
In order to gain insight into system performance with a realizable network, we consider the case of a quarter wave impedance transformer and reactance at each amplifier input. The narrow width of the region for which jS (1; 1)j is much smaller than unity limits the usable system bandwidth for a simple matching network. The physical array element spacing is fixed, and the electrical element spacing in wavelengths changes as a function of frequency, so the horizontal axis is a normalized frequency scale.
A simple matching network is also important for low noise applications, because the loss introduced by a complicated network could lead to an intolerable increase in the system thermal noise temperature. This network is nonideal both in its frequency response and in that it is not cross-coupled, so mutual coupling effects are neglected in the matching network design. The network is designed at the center frequency (1.6 GHz, element spacing). Variation of the array mutual impedances with frequency leads to degraded system performance away from the center frequency.
5) Mutual Coupling, No Matching Network:
As a baseline case, we also include the case of no matching network at all . In this case, system performance is determined arbitrarily by the amplifier input impedance.
C. Array and Matching Network Scattering Parameters
In order to provide a feel for how rapidly the array element and matching network impedances change with frequency, representative scattering parameters are shown in Figs. 3 and 4 . All S-parameters are relative to a system impedance of . It can be seen that the self-impedance of the array elements is a limiting factor in determining system bandwidth, because changes rapidly near the center frequency. In Fig. 3 , the magnitude of the active reflection coefficient of the center array element is also shown. The active impedance of the th element is (38) which can be obtained from the equivalent circuit model described in [38] . The open-circuit excitation is taken to be , although the effect of the interfering signal on the ac- tive impedance is very small. The active reflection coefficient is . It can be seen that the active reflection coefficient of the center element is similar to the 1, 1 element of the array mutual scattering matrix. Fig. 4 shows that only the broadband matching networks can follow the rapidly changing array self-impedance. The quarterwave line and reactance have a smoother frequency response, which deviates from ideal more rapidly as frequency changes, so this simpler matching network leads to a narrower system bandwidth. It is interesting to note that while it might be expected that the self-impedance match and the quarter-wave with reactance would lead to identical S-parameters at the center frequency, the realized S-parameters are different, because a two-port matching network with constrained output reflection coefficient for a given input impedance is nonunique.
D. Array Quality Factor
For closely spaced arrays, optimal gain solutions may enter a superdirectivity regime, which is undesirable since this results in large sensitivity of directivity to small fluctuations in array element weights. The quality factor of the feed is a measure of the degree of superdirectivity. The of the array system at the output port of the beamformer is given approximately by the geometrical quality factor [39] , [40] (39) multiplied by the of a single isolated element, which is typically on the order of unity. The matching network at the element feed ports also contributes to the overall quality factor of the system, but we consider here only the geometrical -factor given by (39) . In order to remove the scaling effects of the matching network and amplifier gain, we take the array -factor to be defined at the element output ports, so that (40) where
. Although it is difficult to make a more quantitative statement, a -factor of order unity indicates that the array is not operating in the superdirectivity regime.
The array -factors for each of the matching networks are shown in Figs. 5 and 6. The -factor is influenced by the matching network and amplifier parameters, but as can be seen from (40) it is primarily a function of the beamformer weights. The -factor becomes large at the low frequencies, where the SNR performance of the array begins to degrade. Over the useful bandwidth, the -factor is acceptably low. The effect of the interfering signal is to produce beamformer solutions with larger -factor at low frequencies.
E. System Sensitivity
For the no-interferer case, system sensitivity is shown in Fig. 7 . In the absence of mutual coupling, higher overall system sensitivity can be attained than is possible if the effects of mutual coupling are included. Generally, mutual coupling reduces the sensitivity, except over a small band near the center frequency. At very low frequencies, the sensitivity without mutual coupling is likely nonphysically large, because the overlap between the effective aperture areas of the array elements is not taken into account. From a network point of view, a strongly coupled mutual impedance matrix leads to low power coupling from the array elements to the amplifier input ports. For reference, the sensitivity (41) where is the physical area of the reflector and is Boltzman's constant, for an aperture efficiency of % and a system noise temperature of K is also shown on these figures.
Although the infinite bandwidth self-impedance match neglects mutual coupling in the matching network design, performance is close to that of the idealized full network match. In both cases, the 3 dB bandwidth is 50% (0.8 GHz). This is significant, because a fully coupled multiport match would be much more difficult to realize in practice than simple two-port matching networks between each element and one amplifier. The quarter wave with reactance case leads to a narrower useful bandwidth (23%, or 0.37 GHz), because of the constrained frequency response of the network.
It can be seen in Fig. 8 that performance is not significantly degraded by the presence of an interfering signal. Of great importance is the stability of the system gain and sensitivity as the spatial filter adapts to changes in the interferer direction of arrival or intensity. As the frequency is swept, the reflector response pattern changes, so the interferer response moves through the sidelobes of the pattern much as if it were moving in location at a fixed operating frequency. This leads to rapid changes in the received interferer power levels at the array elements, which in turn affects the beamformer solution and causes variations in the system sensitivity with frequency. Fig. 8 shows that near the center frequency, the perturbation in sensitivity due to this effect is small. For the optimal matching network, the variation relative to the SNR is at most 2.5% (0.1 dB) over the 3 dB bandwidth. Away from the center frequency, the changing received interferer power levels have a greater effect on system sensitivity, leading to significant pattern rumble. This occurs for all of the matching networks, although the pattern rumble is smaller for the mutually coupled case than for an uncoupled array. Thus, the usable system bandwidth is limited not only by rolloff of the overall sensitivity away from the center frequency, but also by increased susceptibility to pattern rumble.
IV. CONCLUSION
For a focal plane array feed, we have studied the effects of mutual coupling and the array-to-amplifier matching network on system sensitivity. The matching network affects sensitivity through the amount of signal power coupled from the array element terminals to the amplifiers, and by presenting an effective load at the amplifier inputs which determines the degree of cancellation between partially correlated forward and reverse thermal noise signals generated by the amplifiers. After the matching network and amplifiers, signals were combined using a beamformer for maximum ouput SNR.
The design criterion for the array to amplifier matching network was minimum amplifier noise figures. Realistic matching networks are suboptimal in two respects: 1) the optimal matching network for a mutually coupled array requires cross-coupling between all input and output ports, whereas a practical network would likely have a simpler topology, and 2) the frequency response of a realized network would only be close to that of the optimal solution for a given topology over a limited bandwidth. With respect to network topology, numerical results indicated that a simpler, diagonal self-impedance matching network yields substantially the same performance as the optimal full network match. With respect to frequency response, an unrealizable, "infinite bandwidth" matching network can compensate to a degree for the rapidly varying input impedances of the dipole array elements. But for a realistic network with a constrained frequency response, the matching network can only transform the antenna impedances to be close to the optimal impedance at the amplifier inputs for minimum noise figure over a narrow band. This is evident in degraded system performance for the case of a quarter-wave transmission line section and reactance between each array element and amplifier.
Simulations of the output signal to noise ratio were given both with and without interference. Because the reflector sidelobe pattern changes with frequency, the array response to the interferer and the beamformer solution also change, leading to pattern rumble. Because the relative variability increases away from the center frequency, this effect also limits usable system bandwidth for applications requiring high gain stability. The pattern variability was smaller for a mutually coupled array than for an uncoupled array.
With a larger array, additional outer elements serve primarily to receive signal power that would miss the feed if it were smaller. For this reason, we expect that performance would be qualitatively similar for a larger array, but with improved overall sensitivity. As far as the influence of the amplifier noise parameters, for an ideal or near-ideal matching network, the amplifier noise figure is close to optimal, and the total output noise power is dominated by the amplifier noise contribution, so sensitivity would be decreased by a larger amplifier noise figure.
In future work, it would be desirable to employ a method of moment simulation to obtain the open-circuit loaded array radiation patterns, rather than approximating the open-circuit patterns by the isolated element pattern. Such a simulation would allow for inclusion of a backing ground plane, and would enable investigation of more sophisticated antenna elements with improved bandwidth for which closed-form approximations for mutual impedances are not available.
